This study refers to the longterm evolution of possible two-planet extrasolar systems which are initially trapped in 3:1 mean motion resonance. The model of the planar general three body problem is used and its resonant dynamics is examined by computing periodic orbits in a rotating frame, Poincaré maps and maps of dynamical stability. We computed the families of symmetric resonant periodic orbits which obey bifurcations giving rise to families of asymmetric periodic orbits. The linear stability of such orbits has been also computed and their relation to the longterm stability of their nearby phase space domain has been studied. The maps of dynamical stability reveal a complicated structure of the phase space where chaos and order coexist and alternate as the initial eccentricities or the phases of the planets change. The regular orbits are classified in various types according to the librating or rotating evolution of the resonant angles. Apsidal symmetric librations are common in the domain of resonant motion but asymmetric ones are associated exclusively with the existence of asymmetric periodic orbits. Such a stable asymmetric configuration seems to correspond to the companions b and c of the 55Cnc extrasolar system, which are trapped in the 3:1 mean motion resonance according to the study of McArthur et al. (2004) . However, a recent study of Fischer et al. (2007) shows the existence of a new planet (the companion f) in the system and the planets b and c are not in mean motion resonance.
Introduction
The rather recent discovery of extrasolar systems made the study of their dynamics a hot research topic. Concerning the motion of the planets around the star, the dynamics becomes non trivial when multi-planet systems are under consideration. Among the systems known up to now, 12% are multi-planet systems and their longterm stability is of special interest and there is plenty of literature on the dynamics of such systems e.g. (Ford et al. 2001; Rivera & Lissauer 2001; Goździewski 2002; Malhotra 2002; Ji et al. 2003b; Psychoyos & Hadjidemetriou 2005; ; also the reader may refer to the review article of Ferraz-Mello et al. (2006) and references therein.
The dynamics of a multiple planetary system can be studied in the framework of the gravitational N-body problem consisting of a star of mass m 0 and N − 1 planets of masses m i << m 0 , i = 1, .., N − 1. Although the planetary masses are very small (compared to the mass of the star) their mutual interaction is not negligible. In the case of planetary close encounters the gravitation between the planets dominates and, generally, the system becomes strongly unstable. Also, the mutual planetary interactions are important for the longterm dynamics under the presence of a mean motion resonance (MMR) between two planets. An MMR can minimize or maximize the gravitational interaction between the planets according to their initial phases and chaotic and regular trajectories coexist in phase space forming a complicated dynamics (Hadjidemetriou 2006) .
The trapping of a planetary system in an MMR can result under a slow migration of the planets in the protoplanetary disk (see eg. Lee & Peale (2002) , Ferraz-Mello et al. (2003) , Beaugé et al. (2006) ). In the present study we consider the dynamics of two planets after their trapping in the 3:1 MMR. The companions b and c of the star 55Cnc constitute a real system which is located in such an MMR (Marcy et al. 2002; . Zhou et al. (2004) showed various types of stable motion according to the evolution of the resonant angles θ i , i=1,..,3 defined as θ 1,2 = λ 1 − 3λ 2 + 2 1,2 , θ 3 = λ 1 − 3λ 2 + 1 + 2
First Beaugé et al. (2003) showed the existence of stable symmetric and asymmetric librations of both θ 1 and ∆ = 2 − 1 = (θ 2 − θ 1 )/2 called as apsidal corotations. Such resonant solutions have been studied by Michtchenko et al. (2006) and Voyatzis & Hadjidemetriou (2006) and play an important role in the present study (see section 3). Also Marzari et al. (2005) , using the frequency map analysis in the space of proper eccentricities, obtained possible domains of stable motion for the 55Cnc system.
The aim of this work is to study the topology of the phase space in the region of the 3:1 MMR by examining the consequences of the existence of stable or unstable periodic orbits and the distribution of chaotic and regular trajectories. In the following section we introduce our model and the tools that will be used. In section 3 we compute the network of 3:1 resonant periodic orbits of our model and in section 4 we study the qualitative features of motion near such orbits. In section 5 we present stability maps, which distinguishes the regions of phase space with various types of motion, and finally we conclude in section 6.
Stability aspects related particularly to the motion of the companions b and c of the 55Cnc system are discussed through the paper. We have considered the orbital elements presented in Table 1 . The table shows also the same elements in the normalized units of our model. According to McArthur et al. (2004) , the 55Cnc extrasolar system consists of four planets but the other two planets, namely the companions d and e, do not affect significantly the resonant motion of the companions b and c. Instead, the resent study of Fischer et al. (2007) (see also the database of Schneider (2007) ) shows the existence of a fifth planet in the system that may perturbs strongly the motion of the companions b and c. In such a 5-planet configuration the companion c has a low eccentricity value and is not in mean motion resonance with the companion b.
Model and Methods
The basic model which is used in the present study is the general planar three body problem (TBP) consisting of a star S of mass m 0 and two planets, indexed by i = 1, 2 and denoted as P i . The planet P 1 is referred as the "inner planet" and the planet P 2 as the "outer planet" in the sense that in their initial stage it is a 1 < a 2 , where a i denote the semimajor axes. Note that the planetary orbits may intersect and the outer planet may approach the Star closer than the inner planet. The bodies are assumed to move in the plane where an inertial frame GXY is fixed at the center of mass G. In this frame the system has four degrees of freedom and obeys the integrals of energy E and angular momentum L. By using the constancy of L we can reduce the system by one degree of freedom. Such a reduction is achieved by introducing a rotating frame of reference Oxy, where O is the center of mass of S and P 1 , the axis Ox is defined by the direction SP 1 and Oy is vertical to Ox. Consequently, in the rotating frame, the inner planet moves along the Ox axis and the position of the system is given by the coordinates x 1 (for P 1 ) and x 2 , y 2 (for P 2 ). We normalize the masses such that m 0 + m 1 + m 2 = 1 and the gravitational constant is G = 1. A detailed description of the rotating frame and the Lagrangian of the system is given by Hadjidemetriou (2006) . Periodic orbits and Poincaré sections, which are mentioned below, are defined in the rotating frame. However, the numerical integration of the system is performed in the inertial frame by using a Bulirch-Stoer algorithm with variable step (Press et al. 1992) . The position and velocity in the rotating frame is obtained through the particular coordinate transformation. As in the restricted problem, the equations of motion of the general TBP in the rotating frame obey the fundamental symmetry Σ (Hénon 1997) Σ : (t, x, y) → (−t, x, −y).
(2)
Periodic orbits
Periodic orbits exist in the rotating frame. Such a periodicity means that the relative position of the star and the planets in the inertial frame is repeated after one period T . A periodic orbit must satisfy the following periodic conditions:
The periodic condition (3a) indicates that at t = 0 the inner planet P 1 is located at periastron or apoastron. Periodic conditions where the two planets are in conjunction can be defined too . Thus a periodic orbit is represented by a point in the 5-dimensional space Π 5 = {(x 1 ,x 2 ,y 2 ,ẋ 2 ,ẏ 2 )}. The value of the period T is not an essential parameter because the time scale is controlled by the value of the constant angular momentum, which can be set arbitrarily.
The linear stability of a periodic orbit can be obtained by computing the monodromy matrix and deriving the stability indices b 1 , b 2 (Contopoulos 2002; Hadjidemetriou 2006 ). Then, a periodic orbit is considered linearly stable if
If one of the indices b i does not satisfy the stability condition the periodic orbit is simply unstable. If both indices do not satisfy the stability condition the periodic orbit is doubly unstable. When the condition |b i | = 2, i = 1 or 2, holds then the stability is critical. The case of complex instability can not exist for the particular model ( (Hadjidemetriou 1982) ).
If a periodic orbit is invariant under Σ it is called "symmetric". The symmetry implies that ∆ = 0
• or 180 • , i.e. the lines of apsides of the planets are either aligned or antialigned, respectively, and also θ i = 0
• or 180
• , i = 1, 2. Subsequently, four different symmetric configurations, which are identified by the pair of values (∆ ,θ 1 ), can be formed and are presented in Fig.1 . It was showed by Michtchenko et al. (2006) and it will be verified in the following section that each symmetric configuration can provide 3:1 resonant periodic orbits for a wide range of planetary masses. A symmetric periodic orbit can be represented as a point in a three dimensional space Π 3 = {(x 1 ,x 2 ,ẏ 2 )} since always we can consider y 2 (0) =ẋ 2 = 0. An asymmetric periodic orbit is not invariant under Σ but it is mapped to another periodic orbit called mirror image. If an asymmetric periodic orbit corresponds to a pair of values (∆ ,θ 1 ) then its mirror image corresponds to the values (-∆ , -θ 1 ), while the elements a i and e i are the same for both orbits.
Symmetric or asymmetric periodic orbits are not isolated in the spaces Π 3 or Π 5 , respectively, but they are continued parametrically forming characteristic curves or families of periodic orbits. Along a family the linear stability may change type. These points, where the stability becomes critical, are bifurcation points. A family starts from and ends to bifurcation points or points that correspond to collision orbits. Along a family of symmetric periodic orbits the resonant angles ∆ and θ 1 are constants while the eccentricities e i vary. The resonant angles may change their values instantly (from 0
• to 180
• or inversely) when the family passes from the circular case (e i = 0, i = 1 or 2). On the other hand, along a family of asymmetric periodic orbits the resonant angles ∆ and θ 1 vary smoothly.
Poincaré maps
The quasiperiodic or chaotic evolution of a trajectory can be presented through Poincaré maps. For systems of two degrees of freedom Poincaré maps are two-dimensional and represent efficiently the topology of the phase space. In the present model, which is of three degrees of freedom, Poincaré maps are four-dimensional and can be defined e.g. by the position and velocity of the outer planet (in the rotating frame) at the moments when the inner planet passes from its perihelion. Thus a Poincaré map can be defined by the set of points
where τ j , j = 1, 2, .., denotes the pericenter passages of planet P 1 . Periodic orbits are fixed points of the Poincaré map and represent the exact resonance or, equivalently, the center of an MMR. Quasiperiodic orbits are presented by points which belong to a two dimensional torus while chaos is indicated by an irregular distribution of points.
Poincaré maps can be presented in various projection planes of M. We shall use the projection planes defined by X φ = e 2 cos φ and Y φ = e 2 sin φ, where φ denotes a resonant angle (∆ or θ 1 ). In this plane the rotation or the libration of the resonant angle is also revealed.
Chaos indicators and maps of dynamical stability
Chaotic indicators are used for distinguishing between ordered and chaotic trajectories. In most cases, their computation is based on the evolution of deviation vectors ξ j along the trajectory (Contopoulos 2002) . The most reliable and commonly used method is the maximum Lyapunov characteristic number (LCN). However, it is supposed that in general the computation of LCN demands a long time numerical integration. Various modifications have been introduced in the literature in order to provide a faster distinction between order and chaos. We mention the methods of RLI and MEGNO which has been used in extrasolar planetary dynamics (see e.g. Sándor et al. (2007) and Goździewski (2005) , respectively). In the present work we use mainly the Fast Lyapunov Indicator (FLI) proposed by Froeschlé et al. (1997) . Also the Small Alignment Index (SALI), proposed by Skokos (2001) , is computed.
The FLI is associated with the evolution of the magnitude | ξ j | of the deviation vectors. For regular trajectories | ξ j | increases linearly in time while a rapid (super-exponential) increment is obtained for chaotic orbits. Particularly, we consider the time evolution of two initially orthogonal deviation vectors ξ 1 and ξ 2 and we define FLI as
where t * is a predefined maximum time of numerical integration (t max ) or the time moment at which the FLI exceeds a threshold value. In order to avoid the linear trend of FLI along regular orbits we can use the de-trended FLI (DFLI) which is simply the FLI divided by t. Figure 2 presents a typical evolution of DFLI along a regular (left) and a chaotic (right) orbit. In the system's time scale one revolution of the inner planet corresponds to 2π time units, approximately.
The SALI is associated with the evolution of the angle φ between two deviation vectors ξ 1 and ξ 2 . When the trajectory is chaotic the vectors ξ 1 (t) and ξ 2 (t) tend to become parallel (φ ≈ 0 or π) while this does not happen for a regular trajectory. We can define a value of the SALI indicator as
Similarly, t * is the maximum integration time t max or the time moment at which the SALI becomes lower than a threshold value. For the computation of SALI a normalization procedure is applied as in the computation of LCN. Figure 2 presents the SALI evolution for the same trajectories as above, too.
The three indicators presented in Figure 2 have a common treatment: the trajectory is classified as regular until a critical time t c where the FLI, SALI or LCN show rapid increment, decrement or saturation, respectively. If a trajectory is indeed regular then t c = ∞. Therefore, we can certainly classify an orbit as chaotic if t c is less than the maximum integration time t max . Figure 2 (right) indicates that all the presented indicators detects the chaotic nature of the particular orbit at t c ≈ 10 5 t.u.. However, from a computational point of view, it is difficult to recognize the saturation of the LCN very soon after the critical time t c . In contrast, DFLI grows and SALI decreases rapidly for t > t c .
In Figure 3 the values of the chaotic indicators are presented for a set of 500 orbits. DFLI and SALI were computed for t max = 5 · 10 5 t.u. while LCN was computed for t max = 10 7 t.u. When numerical integration fails due to close encounters of the bodies, we assign to the indicators DFLI and SALI the values 10 10 and 10 −10 , respectively, and we set LCN=1. Such cases correspond to strongly chaotic motion. Figure 3 shows that all indicators suggest chaotic orbits for 0 ≤ e 1 < 0.03 and for 0.23 < e 1 < 0.52. In the region 0.23 < e 1 < 0.32 the SALI indicator provides some false or not clear estimations. Such a discrepancy disappears if we double t max . However, an essential difference between DFLI and SALI is obtained for e 1 > 0.65. In this region DFLI seem to grow up as e 1 increases. A slight grow of the LCN value is observed too and this suggests the existence of weakly chaotic trajectories. Such a weak chaos is indicated by DFLI but not by SALI.
It is known that stable periodic orbits are surrounded by invariant tori of quasiperiodic orbits while unstable ones are associated with the existence of chaotic motion. However, we should do a further study in order to claim about the size of the regular or chaotic regions in phase space. A computational method for studying the structure of the high-dimensional phase space of the system are the maps of dynamical stability or, simply, stability maps. Stability maps are constructed by the computation of a chaos indicator for a two dimensional grid of initial conditions. Stability maps provide a global view of dynamics and can reveal the complexity of the coexistence of regular and chaotic trajectories in phase space. Since a large set of orbits should be numerically integrated, the computation of the stability map requires a fast chaos indicator. In the present work we use the DFLI for t max = 5 · 10 5 t.u..
Resonant Periodic Orbits
Periodic orbits for the 3:1 resonant planetary dynamics have been computed by Michtchenko et al. (2006) and Voyatzis & Hadjidemetriou (2006) (hereafter PAPER1 and PAPER2, respectively) . In PAPER1 a numerically averaged Hamiltonian model is used and periodic orbits are obtained as stationary solutions of the averaged equations called also apsidal corotation resonant (ACR) solutions. In this way the most important ACR solutions have been obtained for various resonances and for a wide range of planetary masses ratio ρ = m 2 /m 1 . In PAPER2 the mass ratio ρ = m 2 /m 1 = 1/4, which corresponds to the 55Cnc b,c com-panions, is considered, the exact equations of the TBP in a rotating frame are used and the periodic orbits are obtained up to the accuracy of numerical computations. In the following we use the methodology of PAPER2 and compute the set of families of resonant periodic orbits for 0.01 ≤ ρ ≤ 20.0. If the planetary masses are sufficiently small, the location of periodic orbits does not depend significantly on the individual values of the planetary masses but only on the ratio ρ Ferraz-Mello et al. 2006 ). In our computations we keep fixed the mass m 1 , equal to 0.0008 (in normalized units), and we vary m 2 . The equations of motions are solved numerically with 15 digits precision. The periodicity conditions are approached by differential corrections up to 12 significant digits and we obtain the stability indices b i by computing numerically the derivatives of the monodromy matrix using the Nevil's algorithm (Press et al. 1992 ).
Symmetric periodic orbits
In PAPER2 it is shown that the circular family of periodic orbits of the TBP has four bifurcation pointsB i , i = 1, .., 4 in the 3:1 resonant domain. Our computations show that these bifurcation points exist for any mass ratio 0.01 ≤ ρ ≤ 20.0. From eachB i a family of symmetric periodic orbits bifurcates, which is denoted as S i . These families correspond to the resonant configurations (∆ ,θ 1 )=(0
• ) for i =1,2,3 and 4, respectively. They are presented in Fig.4 in the projection plane e 1 − e 2 . Linear stability is denoted by bold solid curves, simple instability by thin solid curves and double instability by thin dashed curves. We remark that the points where the stability type change are bifurcation points which, by varying the mass ratio ρ, form continuous curves that are called bifurcation lines and are denoted as B i .
Families S 1 (see Fig.4a ) are unstable. Precisely, for ρ > ρ 11 ≈ 0.6 all orbits are doubly unstable. For ρ < ρ 11 two bifurcation points are obtained along S 1 and between them the orbits are simply unstable 1 . Another critical value of the mass ratio is the value ρ 12 ≈ 0.071. For ρ < ρ 12 one of the bifurcation points disappear. Then the characteristic curves on the plane e 1 − e 2 change critically and end with both eccentricities tending to 1.
Families S 2 consist of two distinct segments separated by the collision line a 1 (1 + e 1 ) = a 2 (1 −e 2 ) (Fig.4b) . One starts from (0,0), is located below the collision line and its orbits are simply unstable. The second segment is located above the collision line, extends up to high eccentricities and its major part (above the bifurcation line B 2 ) consists of stable orbits.
In Fig.4c the families S 3 are presented. They start having simply unstable orbits, extend in a diagonal part of the plane e 1 − e 2 and show a bifurcation point B 3 at about e 1 ≈ 0.75, e 2 ≈ 0.6 where the orbits turn to become stable for ρ < ρ 31 ≈ 19.5. For ρ > ρ 31 a new bifurcation point B 3 is generated beside B 3 and between these points the orbits are doubly unstable (see the detailed graph in Fig.4c ).
Families S 4 are the only families which bifurcate from the circular orbits and have stable periodic orbits. Such stability extends up to a first bifurcation point B 4 where the orbits become simply unstable. A second bifurcation point B 4 exists for e 1 > 0.8 and the orbits become stable again (Fig.4d ).
Comparing the results presented above with those in PAPER1 we obtain a very good agreement, which verify that the numerical averaging of Michtchenko et al. (2006) is an efficient model for locating periodic orbits or ACR solutions. In addition we showed a) the existence of the bifurcation lines B 1 , B 2 and B 4 and the corresponding change of the type of stability and b) the critical value ρ 31 where the stable periodic orbits of the family S 3 disappear. The existence of some additional families, which are presented in PAPER1 for the configurations (∆ ,
• ), have not been verified. These families are marked as unstable and either they do not bifurcate from a prior known family and, thus, our computational approach fails or they do not exist in the planar three body problem and appear falsely in the averaged model used in PAPER1.
Asymmetric periodic orbits
In general, asymmetric periodic orbits bifurcate from symmetric ones. For example, the two bifurcation points of family S 1 , which exist for ρ < ρ 11 , are the ends of an asymmetric family called A 1 in PAPER2. This family exists for any ρ < ρ 11 , it is doubly unstable and its characteristic curve in the plane of eccentricities is located approximately along the bifurcation line B 1 (see Fig. 4a ). In Fig.5 the set of asymmetric families that bifurcate from the symmetric families S 4 (precisely from the bifurcation line B 4 ) is presented in the eccentricity plane. Up to ρ = ρ 41 ≈ 0.51, we get the families A 4 which, after their bifurcation, extend almost parallel to the axis e 2 . For e 2 ≈ 0.55 they show a bend to lower values of e 1 and then turn and extend uniformly towards to (1,1). The families A 4 start with stable orbits, and together with the stable part of the families S 4 indicate the route of planetary migration processes as those proposed by Lee & Peale (2002) and Ferraz-Mello et al. (2003) . However, the orbits turn from being stable to simply unstable for e 1 > 0.4 (or e 2 > 0.77) and a possible migration process should be interrupted. By increasing ρ above the critical value ρ 41 a sharp separation of the characteristics curves (point C in Fig.5 ) is observed. The families for ρ > ρ 41 are denoted as families A 43 and terminate to the bifurcation points B 3 . Thus the families A 43 start from the configuration (∆ ,θ 1 )=(180
• ,180
• ) and end with (0 • ,0 • ). The variation of the resonant angles along the families is presented in Fig.6 . We mention that the values (-∆ , -θ 1 ) are also valid and correspond to the mirror image families. All periodic orbits of A 43 are stable up to ρ = ρ 31 . Above this value the orbits become unstable before the termination of the family at B 3 (this is hardly visible in Fig.5 for the characteristic curve of ρ = 20.0).
In Fig.5 there is region which is not occupied by the families A 4 and A 43 . This region is indicated by the text "families A 3 and A 0 " and contains new families of asymmetric periodic orbits which their generation and modification, as ρ varies, is presented in the panels of Fig.7 . We showed above that the bifurcation points B 3 are ends of the families A 43 for ρ > ρ 41 .
For lower values of ρ, the points B 3 are bifurcation points of new families, called families A 3 (see panel c of Fig.7 ). The type of linear stability of A 3 changes in two points, which should be bifurcation points for new unstable asymmetric families (see e.g. family A 31 in PAPER2). Also the isolated family A 0 presented in PAPER2 now is proved to be part of the family A 3 . The families A 3 seem to intersect itself but this is due to the projection on the plane e 1 − e 2 . A true intersection in space Π 5 happens for ρ = ρ 32 ≈ 0.175 (panel b). The intersection point B c is a bifurcation point from which four branches (b i , i = 1, .., 4) originate, two stable and two unstable. For ρ < ρ 32 The branches b 2 and b 3 join smoothly and form a loop (A 00 ) which is separated from the branches b 1 and b 4 . The last ones join also smoothly and form a family which is assumed to be a member of families A 3 since it bifurcates from B 3 (panel a). For ρ > ρ 41 there are no free points B 3 . At ρ = ρ 41 a critical change in the shape of the family A 3 happens (see panel d). Its characteristic curve shows a sharp bend at a point (indicated by C), turns in the opposite direction and, finally, tends towards to (1,1). We call this family family A 0 . It is worthy to note the existence of stable orbits for very high eccentricity values of the outer planet P 2 .
We have mentioned that for sufficiently small planetary masses the families of periodic orbits depend on the mass ratio ρ = m 2 /m 1 but not on the total planetary mass m 1 + m 2 . However, if the planetary masses increase up to values equal to few Jupiter masses then the families may be affected significantly with respect to their location and stability. In Fig. 8 we show how the families A 4 and A 43 are affected when we multiply by a factor of ten the values of planetary masses. Although the location of the families is not affected significantly, we observe that unstable segments are generated for the families A 43 . Also, the stable segment of families A 4 shrinks to lower values of e 2 as it is shown by the characteristic curve with ρ = 0.5.
Motion around periodic orbits
The stability indices b i provide information about the local dynamics near periodic orbits. In order to examine the relation between the linear stability and the long term evolution of trajectories starting near of a periodic orbit we compute the DFLI indicator. Along a family of periodic orbits, we take initial conditions x i = x 0i + δx i , where x 0i are the initial conditions of the periodic orbit and δx i denotes a small deviation. In the first case we set |δx i | ≈ 10 −12 . In the second case δx i are selected such that to perturb the orbit of the outer planet by ∆e 2 = ±0.001 and ∆ 2 = ±3
• , where the sign is selected randomly. We denote the computed DFLIs as DFLI0 and DFLI1 for the first and second case, respectively. Note that the small deviation |δx i | ≈ 10 −12 corresponds to the numerical error in the initial conditions of the computed periodic orbits.
In Fig.9 we present the results obtained along the families S 3 , S 4 and the segment of A 4 with e 2 > 0.65 considering the masses of the Cnc55 system given in table 1. For the symmetric families we observe that the change of linear stability is clearly indicated by DFLI0. Along the unstable part of the families S 3 and S 4 we have 2 < |b 2 | < 2.0003 and DFLI0> 10
4 . Thus, we can not conclude about the strength of chaos from the values of the indices b i when they are close to the critical value 2. Nevertheless, in cases where |b i | > 2.01 the motion around the periodic orbit is strongly chaotic and the planetary system breaks up in a relatively short time interval.
In the case of larger deviations we observe that the DFLI1 reveals a quite different dynamics than that obtained by DFLI0 and linear stability. In Fig.9a it is shown that regular orbits may be found near unstable periodic orbits for e 1 > 0.4. Especially for e 2 > 0.55 the DFLI1 indicates only regular orbits though the nearby periodic orbits are still unstable. The same situation holds for the S 4 family (Fig.9b) , where chaos is indicated by DFLI1 only in the interval 0.46 < e 2 < 0.6. In figures 10a and 10b we present Poincaré maps and the evolution of apsidal difference for initial conditions associated to the DFLI0 and DFLI1, respectively, and to the unstable periodic orbit in family S 4 with e 1 = 0.2 (see also Fig.9 , middle panel). When we start almost from the unstable periodic orbit (|δx i | ≈ 10 −12 ) we obtain the "separatrix-like" curve of Fig.10a (left panel) . The chaotic property of this trajectory, which is indicated by DFLI0, is due to the irregular jumps of the trajectory between the domains A and B. Such an irregularity is clarified by the time evolution of ∆ . If we deviate slightly from the above initial conditions we obtain the Poincaré map of Fig.10b where the trajectory is now restricted in the domain A and ∆ evolves regularly. A different situation is obtained in case of the asymmetric family A 4 . In Fig.9c we observe that the transition from linear stability to instability is indicated by the DFLI1 and not by DFLI0. DFLI0 takes large values (> 10 10 ) for e 1 > 0.47 where the motion becomes strongly chaotic. Also, chaotic orbits seem to exist for e 1 ≈ 0.3 very close to the linearly stable periodic orbits. Conclusively, in most cases linear stability is related with the existence of domains with regular orbits. On the other hand, linearly unstable periodic orbits may host in their closed neighborhood domains of regular motion.
The ordered motion near stable periodic orbits is characterized by libration of the resonant angles. In Fig.11 such regular librations are presented by Poincaré maps. The upper panel corresponds to a considerably eccentric orbit near a symmetric periodic orbit of the family S 3 . The libration of ∆ and θ 1 around 0
• is identified. In the bottom panel an example of asymmetric motion is presented. The initial conditions are those of the Cnc55 system given in Table I . ∆ librates around 110
• and θ 1 around 200
• approximately. These values, which declare the center of libration, correspond to a periodic orbit of the asymmetric family A 4 .
In Fig. 12 we present Poincaré maps in the projection space X ∆ = e 2 cos(∆ ) and Y ∆ = e 2 sin(∆ ), which were computed for initial conditions very close to unstable periodic orbits (δx i ≈ 10 −12 ). The three rows correspond to orbits of the symmetric families S 1 , S 2 and S 3 (from top to bottom, respectively) with initial eccentricity of the outer planet e 2 = 0.1 (left panel) and e 2 = 0.35 (right panel). The maximum integration time was 10 7 t.u.. For all cases in the left panel, the orbits seem to be weakly chaotic showing a slow tendency to spread in phase space. Chaos is more obvious in case (a), which corresponds to a doubly unstable periodic orbit, but the orbit evolves in a well confined circular region with e 2 < 0.16 for a long time interval. In the right panels (e 2 = 0.35) the chaotic feature of the orbits is now easily recognized and close encounters occur before the maximum integration interval is reached.
For the chaotic orbits of the first and third row of Fig. 12 , which correspond to the families S 1 and S 3 , respectively, the evolution is characterized by rotations of both resonant angles θ 1 and ∆ . This is the typical case for all chaotic orbits close to the unstable orbits of the families S 1 , S 3 and S 4 . However, in panels (c) and (d) the evolution is characterized by librations of ∆ while θ 1 rotates. Such apsidal librations are not exceptional cases but they characterize all the orbits near the segment of the family S 2 located below the collision line (see Fig.4b ), even for strongly chaotic orbits as that shown in panel (d) of Fig. 12 .
Stability maps and exploration of phase space
In this section we perform a two dimensional analysis of phase space, near and far from periodic orbits, by computing stability maps. We restrict our analysis to the normalized planetary masses m 1 = 0.00076 and m 2 = 0.00021 of the 55Cnc system. We consider two types of grids of initial conditions a) grids in the eccentricity plane e 1 − e 2 and b) grids of resonant angles θ 1 and ∆ . The initial semimajor axes a i are fixed for all orbits in the grid and correspond to the 3/1 planetary resonance. The inner planet starts always from the periastron, thus ∆ = 2 . The definition of the initial conditions is completed by computing the mean anomaly of the outer planet as M 2 =-θ 1 /3 − ∆ . The grids are of size 100×100 and each orbit was integrated for 5 · 10 5 t.u. (or 3.2 Ky for the 55Cnc system). The color levels of the maps correspond to the DFLI value computed for each orbit; stable or chaotic orbits are presented by dark or light colors, respectively.
Symmetric modes
The stability maps for the four different symmetric modes are presented in Fig.13 . The corresponding families of periodic orbits are also presented. In addition, the possible libration of resonant angles is indicated for regular motion. Particularly, circles denote that both resonant angles librate while crosses denote that only ∆ librates; in the rest cases both angles rotate.
For the symmetric mode (θ 1 , ∆ )=(0 • ,180 • ), whose map is presented in Fig.13(a) , stable orbits exist only for e 2 < 0.35. Below this value various chaotic zones are present and one of them follows the unstable family S 1 . The large stable region which starts from e 2 = 0 is mostly filled by apsidal librations around 0
• with short periods (10 up to 150 years) and width larger than 30
• . In the island of stability centered at (e 1 , e 2 )=(0.1,0.25), we can obtain apsidal librations of small amplitude (∼ 10 o ) indicating the possible existence of a secular resonance ∆ ≈ 0. In panel (b) of Fig.13 , a broad chaotic zone spreads around the planetary collision line. Above the collision line, where the corresponding family S 2b becomes stable, a large region of regular orbits exist. Librating motion in both resonant angles surrounds the stable part of S 2b . A stable region at low eccentricities also exists and apsidal librations are apparent as we have noticed in the previous section. Although the family segment S 2a is unstable, the corresponding chaotic zone is very thin for e 2 < 0.1 and it is not captured by the grid. In the third mode (panel c) and for e 1 < 0.4, the family S 3 seems to consist a boundary between a chaotic and a stable region. For e 2 > 0.5, the stable region extends around the family S 3 . It starts with librations in ∆ and is followed by librations in both resonant angles.
Finally the map of the symmetric mode (θ 1 , ∆ ) = (180
• ) (panel d) shows regular orbits for e 2 < 0.2 with exception the islands above the characteristic curve of the family S 1 for e 1 > 0.4. We can observe a region of stability which starts from the circular orbits (e 1 ≈ 0, e 2 ≈ 0) and extends around the family S 1 . The librations of both resonant angles in this region are associated to the stable periodic orbits of the family S 4 . When the family turns from stable to unstable a hardly visible chaotic zone is formed nearby to the family and up to e 1 ≈ 0.25. For e 1 > 0.5 the family S 4 consists a sharp bound for the stable region similarly to the family S 3 in the previous case. The librations of both resonant angles in the islands mentioned above are unexpected since we can not obtain a related family of symmetric periodic orbits.
The dashed frame presented in the stability maps of Fig.13 indicates the possible eccentricity values of the companions b and c of the 55Cnc system according to the observations. It is clearly seen that all the symmetric modes of the 55Cnc system are dynamically unstable.
Phase maps and asymmetric motion
Keeping the initial eccentricity values of the orbits constant, we can compute maps in the plane of resonant angles (θ 1 , ∆ ). Three stability maps are given in Fig.14 . In panels (a) and (b) the initial eccentricity values correspond to a critical and an unstable periodic orbit of the family S 4 , respectively. In panel (c) eccentricities (e 1 = 0.1, e 2 = 0.44) correspond to an asymmetric periodic orbit of the family A 4 which is close to the position of the 55Cnc system.
The center of the map of Fig.14(a) corresponds the critical periodic orbit of the family S 4 and it is surrounded by regular orbits. Many chaotic zones separate the map in various regions of stability. Apart from the motion with rotating resonant angles we obtain the following types of regular symmetric librations a) libration of both angles around 180
• , b) libration of both angles around 0
• c) apsidal librations around 180
• while θ 1 rotates, d) apsidal librations around 0
• while θ 1 rotates. Figure 15 presents an example of each one of the above cases which all of them correspond to the same initial semimajor axes and eccentricities but to different initial phases.
In the map of Fig.14(b 
• ) corresponds to an unstable periodic orbit which is surrounded by chaotic motion (see Fig.13(d) ) . Also for (θ 1 , ∆ ) = (0 • ,180 • ) the orbit is close to the collision line (see Fig.13(b) ). As a consequence a wide chaotic region is formed around ∆ = 180
• and for whole range of θ 1 values . The region of regular motion is characterized mainly by symmetric apsidal librations around 0
• . It is corrupted by chaotic "rivers" which bifurcate before their end in the broad chaotic sea.
The stability map of Fig.14(c) is associated with the asymmetric periodic orbit of family A 4 at e 2 = 0.44, where the resonant angles have values θ 1 = 200
• and ∆ = 112
• . Although chaos is dominant, zones of stable motion exist consisting mainly of regular librations of both resonant angles around the above mentioned values. The evolution of the resonant angles along the orbit of the 55Cnc system is also presented. We obtain that the particular projection of the trajectory belongs entirely in the domain of asymmetric librations and roughly it holdsθ
where n i denotes the mean motion of the planet P i .
The zones of stable motion presented in the map of of Fig. 14(c) refer to a particular periodic orbit of the family A 4 . Since family A 4 consists of stable periodic orbits (up to e 2 = 0.77) we expect that zones of stable motion exist in the interval 0.11 < e 2 < 0.77. In Fig.16 we illustrate the above situation by computing the map in the e 1 − e 2 plane for initial phases θ 1 = 200
• . These values correspond to a periodic orbit of the family A 4 and are close to the actual values of the 55Cnc system. The stability map reveals a wide region of stable orbits around the family A 4 as long as the family is stable and the resonant angles of its periodic orbits have values close to those of the particular map (i.e. in the interval 0.2 < e 2 < 0.65). This domain is denoted by "A" and consists mainly of asymmetric librations. The curve denoted by T CNC is the projection of the 55Cnc trajectory in the eccentricity plane. We observe that this trajectory evolves in the domain "A" and the frame of possible eccentricities of the system lies in the same domain too. The domain "B" is associated with the stable part of the family S 4 and the orbits are symmetric librations. In the domain "C" both resonant angles rotate. Finally, in the domain "D" new asymmetric librations around the values θ 1 ≈ 100
• and ∆ ≈ 80 • are found. Such asymmetric librations are associated to the periodic orbits of the family A 3 .
Conclusions
In the present work we carried out a numerical study for a planetary system of two planets trapped in the 3:1 mean motion resonance. It was aimed to show the coexistence of chaos and order in phase space in connection with (or without) the existence of periodic orbits and make suggestions about the longterm stability of the system. In this framework we performed relatively short time integrations for a large number of trajectories. By using initial conditions of particular grids and the de-trended FLI we formed maps of dynamical stability revealing a global view of the structure of phase space. Also, the longterm stability of the companions b and c of the 55Cnc planetary system was a particular application of the study.
In the first stage we studied the efficiency of the chaotic indicators FLI and SALI applied in the particular system. We found that efficiently reliable results are obtained when the integration time corresponds to at least few tens of thousands of revolutions of the inner planet. The FLI indicator seems more efficient than SALI in detecting weak chaotic motion of high eccentricities.
The circular family of the planar TBP contains four bifurcation points in the domain of the 3:1 resonance which generate the four main symmetric families of periodic orbits. These families and their linear stability were computed for mass ratios 0.01 ≤ ρ ≤ 20. The additional bifurcation points along the symmetric families were also indicated and, where it was possible, the generated families at these points were computed too. All these families are asymmetric and their setting in phase space shows some critical changes as ρ changes. The above results are in a good agreement with those obtained by Michtchenko et al. (2006) using a proper model of numerical averaging. Some differences obtained between the two approaches do not seem essential for the dynamics of real planetary systems since they concern unstable and/or high eccentric motion.
The computation of FLI near periodic orbits and the Poincaré maps showed that unstable periodic orbits always are associated with the existence of chaotic motion. However, such chaotic motion may be confined in very thin zones in phase space and practically do not cause a real instability at least for moderate time intervals (in association to the 55Cnc system we performed test-runs up to 20My). Therefore the existence of regular orbits very close to linearly unstable periodic orbits is possible. Additionally, it seems that in some cases the families of unstable periodic orbits may form boundaries between regions of order and chaos (see e.g. Fig.13c ). On the other hand stable periodic orbits (symmetric or asymmetric) are always surrounded by regular orbits and along them both resonant angles ∆ and θ 1 librate.
The computed maps of dynamical stability depicted clearly the distribution of order and chaos in the plane e 1 − e 2 for the four different symmetric configurations (Fig.13) . However, as it has been also indicated by Hadjidemetriou (2006) , the initial phases play an important role in the stability. The maps associated to the grids of resonant angles showed clearly such a situation. Considering fixed initial semimajor axes and eccentricities for both planets, chaos alternate with order as the initial phases of the orbits change. Classifying the regular orbits according to the rotation or libration of the resonant angles, we obtained all possible cases except the case where θ 1 librates while ∆ rotates. Orbits of the opposite case, namely where ∆ librates while θ 1 rotates, are very common, are present in wide domains inside the 3:1 resonance for e 2 < 0.3 and are independent of the existence of periodic orbits. Such apsidal librations are exclusively symmetric (centered at 0
• or 180 • ). Asymmetric apsidal librations always are accompanied by θ 1 -librations and are associated with asymmetric periodic orbits. The transition from apsidal librations to apsidal rotations takes place smoothly and the separatrix between the two types of motion does not cause an evident instability. • (or 100 • ), the motion is stable. If the 5-planet configuration, which has been proposed recently by Fischer et al. (2007) , holds, then the above asymmetry is not apparent in the real system and the companions b and c are not in mean motion resonance.
Although the presented study refers to the 3:1 resonance dynamics, the same qualitative features of dynamics should appear in other MMRs. The change of the masses of the planets may is followed by a significant change of the distribution of order and chaos in phase space. In any case the stable periodic orbits of the system, which exist for a wide range of planetary masses, constitute a safe guide for determining stability regions in the high dimensional phase space.
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